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Abstract—Based on Reissner’s theory for the bending of thin plates and by replacing the cracks by dislocation
arrays, the flexure problem for an unbounded plate, containing two arbitrarily situated rectilinear cracks, is
reduced to a system of singular integral equations relative to six functions which characterize the density of
dislocations.

The solution, in the form of the product of the series of Chebyshev polynomials of the first kind and their
weight function, is obtained for the cases of plain bending and uniform twisting along an arbitrarily inclined
direction to the cracks.

Numerical results are shown for two fundamental cases of crack configuration, i.e. a pair of equal colinear
cracks and equal parallel cracks without stagger.

1. INTRODUCTION
One of the most basic requirements in the fracture mechanics is the knowledge of the singular
character of the stress field near the crack tip and many investigations have been made for the crack
problems of longitudinal shear, plane strain and plane stress and classical plate bending.

As has already been pointed out[1-4], the classical theory for flexure of plates fails to provide
an accurate estimate of the stresses in the neighborhood of the crack, since the classical theory can
not satisfy all of the three physically natural boundary conditions along a free edge. This
discrepancy, however, can be overcome by using Reissner’s theory[5] in which all three boundary
conditions on the rim of the plate can be satisfied.

In a previous paper[6], the center of dislocations in a thin plate under flexure has been defined
and its expression has been obtained in the framework of Reissner’s theory. By replacing the crack
by continuous arrays of dislocation, a system of singular integral equations for the dislocation
densities can readily be set up. By employing this technique, the plain bending problem of a thin
semi-infinite plate weakened by a transverse crack has been discussed(7].

The present paper continues the previous sequence of investigations and deals with the elastic
interaction of two arbitrarily situated rectilinear cracks in an infinite plate under plain bending or
uniform twisting along an arbitrarily inclined direction to the cracks. By the same approach, the
problem is reduced to a set of singular integral equations relative to six unknown functions which
characterize the density of dislocations on the crack lines. By the use of the method developed by
Erdogan([8], one can obtain the solution of the set of integral equations, in which the essential
feature of the singularity of the unknown functions is preserved and the stress intensity factors can
easily be estimated. Numerical results are given for two fundamental cases of crack configuration,
i.e. a pair of equal colinear cracks and equal parallel cracks without stagger.

2. BASIC EQUATIONS
Consider an isotropic and homogeneous plate of constant thickness h and take its middle plane,
before bending occurs, as the x, y plane and denote the thickness coordinate by Z. In the
framework of Reissner’s theory, the weighted deflection w(x, y) of the plate free from lateral loads
should be a plane biharmonic function and can be expressed as

Dw(x,y) = [2f(2) + 2f(z) + g(2) + g()]I2, (1)

where z = x + iy and Z = x — iy. Two complex deflection functions f(z) and g(z) are holomorphic
in the region occupied by the plate and D = ER*/12(1 — v?) is the flexural rigidity of the plate with
Young's modulus E and Poisson’s ratio ». The average rotations 8, and 8, about y- and x-axes
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respectively are given by
. — — L
D(B. +iB,) = —[f(z)+ 2 (2) + 2Ax + De*f"(2) + h(2)] - i(x + 1)62;. ()

where h(z) = g'(2), k =(3+ v)/(1 - v) and € = h/\/(10). The stress function ¢(z, Z) is the solution
of Helmholtz equation

o -V =0 3)

The bending moments M,, M,, twisting moment H,, and shearing forces V,, V,, all per unit
length, can be expressed in terms of f(z), h(z) and (2, Z) as follows:

4(x —
MM, = — ( 1)

U (2)+f ()],

M.~ M, - i2H,, = ——[h (2)+ 2'(2)+ 2 + () + i8°L <o @

iV = — 4y 40 0¥
V. —iV, 4f"(z)+ 02 e

Thus the problem is reduced to the construction of the complex deflection functions f(z), #(z) and
the stress function ¢(z, Z) which satisfy all of the boundary conditions of the problem.
Moreover the formulas of transformation of stress resultants due to the rotation of coordinate
axes z, = e %z are given by
MXI + M.Vl = MX + Mva
Z(Mw + ian.) = Mt + M_v - ei2ﬁ(Mx - My - i2Hx_v)a
V., —iV, =e®(V,-iV,).

(5)

3. CONTINUOUS DISLOCATION ARRAYS
Consider now the case where three kinds of dislocations lie continuously on the line segment L,
occupying the interval —a < x < a on the real axis, in an infinite plate, see Fig. 1. Denoting the
intensity of dislocations of 8,, 8. and w on the line element ds at the point P(x = 5, y = 0)on L by
b.(s)ds, ¢s(s)ds and eds(s)ds respectively, we have the following set of functions expressing the
continuous arrays of dislocations[6]

' _ D < i) —ida(s)
D=3 ma ).~ 5=z 9

vy ¢(ﬂ+ﬂ¢ﬂﬂ D ¢ sldi(s) = ids(s)]

hdz)= +l)1rf.a = U +2(K+1)WL G-77 9
€D [* ps)
el G-2)

ds, (6)

0e(z,2) = HLMI [h1(s) + idos(s)]- K( ) & ds
Bt itk e B it ()

~

where re” = z — 5. K,(z) are modified Bessel functions of the second kind. Substituting the above
into eqn (4), we obtain the corresponding stress resultants as

Mo, =2 D[ S g [* s Tigls)g ]

(k + 1)
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Fig. 1. Dislocation array in an elastic plate.

. 2Ax -1)D - d)(s)ds K+l
M- M,—i2H, =2 g [T SIS [P )

1, 2z-s 86 1 2) i3, 1 (r_) ]
X[z—s+(z—s)2 (z-s) eK’(e ¢ eK'e e |ds

—in M—i(z—z‘) fs’Lf)z%ﬁ
vty "”(s)ds[ 1s‘(zi:ss)2+(z8f:)’"£K’(%)e_m’_%K‘e)e_w’]
A sl )l

vV = L "’(”[(z Frek(@)eman(@)aif oo

[ bl @it 8 oo

X[_e(zl—s)+éK'(’:) ]ds}

The condition of single-valuedness of deflection and rotations due to the dislocation arrays on L
can be expressed as[6]

[*atras=0G=13,[" 1s6s)+ essnas =0, ®

4. PLAIN BENDING OF AN INFINITE PLATE CONTAINING TWO CRACKS
Let an unbounded plate of constant thickness h be weakened by two cracks L and L,, the
length of which is 2a and 2a, respectively. The origin of Cartesian coordinates (x, y) is located at
the center O of the crack L and the x axis coincides with the crack line. The center O, of the crack
L, is given by the coordinates z, = xo+ iy, = re” and the crack L, forms the angle 8 with the x
axis, see Fig. 2. We also use local system of coordinates (x,, y,) in which the origin lies at O, and the
x, axis runs along the crack line L,. The relation between these two coordinates is given by

z=2z,€%+re- 9)
Provided that the load transmitted through the plate is the constant bending moment M, in the
direction, making an angle y with the x axis, and the rims of the cracks are free from traction, the

boundary conditions of the problem are written as follows:
(a) At infinity |z| >,

M, = % Mo(1+cos 2y), M, +iH., = % My(1-e7?"), V, =V, =0. (10)

(b) On the rim of the crack L, y =0, |x|<a,

M, +iH., =0, V, =0. (11
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Fig. 2. Configuration and coordinate systems.
(c} On the rim of the crack L,, y, =0, |xi| <a,,
M,+iH,,=0,V, =0. (12)

In order to construct the set of three functions f'(z), h'(z) and yi(z, Z) which satisfy all the
boundary conditions (10), (11) and (12), we first consider the following functions

K+1M0
k-1

fi2) - hi2)= - (k+ D) @,y (2.2) =0, (13)

which express the state of plain bending of the crack-less plate and the corresponding stress
resultants relative to the coordinates (x, y) are given by eqn (10). Hence, by eqn (5) we have the x -,
y,-components of stress resultants as

M, %Mo[l+cos 2(y - B, M,,+1H,,,,=%M(,[l—<’,"'2‘7 MV, =V,=0. (14)

Thus the set of functions in eqn (13) does not satisfy the boundary conditions on the crack rims. For
the accommodation of these conditions, we now consider the continuous arrays of dislocations on
the crack lines L and L,. If we denote the intensity of dislocations of 8,, 8. and w on the line
element ds at the point P(z = s) on L by ¢,(s)ds, ¢:(s)ds and eds(s)ds respectively and the
intensity of corresponding dislocations on the line element ds, at the point Pi(z, = s,) on L, by
da(s,)ds,, du(s.)ds, and ede(s.)ds, respectively, the set of functions expressing the dislocation
arrays on L is given by eqn (6) while the functions f;,(z,), h.(z)) and . (z,, Z,), which correspond
to the dislocation arrays on the crack line L, are given by those in eqn (6), in which a, s, z, r», 65, &1,
¢ésand ¢sarereplaced by ay, 51, 21, 13, 63, ¢, daand derespectively. Here r1 and 6 are defined by

re®=z-s,. (15)

As the stress resultants derived from these sets of functions tend to zero when |z|—, the
superposition of these functions to those in eqn (13) does not disturb the boundary condition (10) at
infinity.

The x-, y-components of the stress resultants corresponding to the set of functions (6) are given
by eqn (7) and the x,-, y,-components are obtained by the transformation formulas (5). Similarly,
the x,-, y.-components of the stress resultants due to the set of functions f.,(z), k. (z\) and
¥.,(21, Z,) can be written in the same form as those in eqn (7) and hence the x -, y-components are
readily obtained by using the formulas (5).

By taking account of these and after some manipulations, from boundary conditions (11) and
(12) we have

A DPMo o oy L[ Buls)+ igs(s) a
4(K nD (1-e )+7T{fu S —x ds'*j" fnlx, $)pi(s)ds
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+zj {fa(x, $)Pa(s) + fas(x, $)ds(s)]) ds

+ z ) [fian(X, $1) + ifsaniX, §)]@2a(51) dsl} = 0:(|X| <a) (16)

n=lJ-a

T 2+ 17 gyl slas+ [ Uatn )6+ s hols)] ds

+ 3 f.m)(x,sl)m"(s.)ds,}=o,(|x|<a) (17)

n={J~-a,

(K+l) M, i20y-8) d251) + ida(s))
fapplt-e s o[ e, 7t s)ants) ds.

a

+i I [faalx1, $1)Da(51) + faslxy, $1)ds(s1)} s,

-a;

+§l f_“a [f2(2n—|)(xl$S)+if4(2n—l)(xl?s)]¢2n-l(s)ds}'——o, (x| <a) (18)

‘1‘ {J’"' ¢6(SI) d § +%J:: d4s:)In |x| - Sll ds,+ J::l‘ [fos(x1, $)a(51) + fos(X1, $1)de(s51)] ds,

™ —-ay sl

+ 3 [ S, )91 ds} =0,0xl<a) (19

n=1J-a
where the first integrals are understood to be the Cauchy principal value and

+1
K—lx—s

fu(x,s)—

2({)1 f'ﬂ(xy

2 [rw+ko],

lx

+11 (5 1

S [k, )
fsx, )= —[KA)+ Ko O)We, fss(x, s)= ~sgn(x - $)K,({)le,

fialx, s0) + ifalx, 8)) = ~ 2_1’; [e™+e ™t e M1 ~ g7 N7

k+1 [ | . —idx 8¢’ i3y
—_——— | — ‘+e ) — — 3
2k = 1) Lps (e ) 05 ¢

o1 K,(&)e 1 K,(&) e“"-‘] e "%,
€ € €

fux, 1) + ifselx, 1) = “p—le"‘ e e 0T 4 T 0N

2n

_I(K+1)[l —ixy _ a—i3xy §i —i3xy
PEDN I AP

- .l_ K3(&) e_”") — 1 K1<&) e_‘X)] e—iZB,
€ € € €

fls(x,s,)+if36(x,sl)—;§K+ 3 200 *"’[ ;—32+£K2<%>]

fualx, )+ ifsx, 1) = § €70"® [je le(m)] "zl’“('f)""”

felx, $1) = —-—K ( )cos(;(3+/3)

Here the following notations are used
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{=|x—slle, Ko(¢) = Ko(Z) +1n(12) + vo,
y N 22)
Ki({) = Ki(§) = (110, Kx) = KA{) - 217 +(1/2),

preX=e P(x—re” —se%). (23)

where v, is Euler’s constant. The expressions for f,5(x,, 51), fea(X1, 81), fas(X1, $1), feulX1, §1) and
fes(x1, 5,) are given by those for f,,, fas, fas, fs3 and fss in eqn (20) respectively, in which x and s are
replaced by x, and s,. Furthermore, the expressions for fa, + ifa), f23+ ifas, fos + if s, for + ife; and fes
are given by those for fi2 + ifs, fia+ ifses fre + ifse, fs2 + ifsa and fse in €qn (21) respectively, in which
X, 51, p3, x3and B arereplaced by x,, s, p», x> and — 8 respectively, p» and y, being defined by

p.e=e®(x,+re " P-5se ). (24)
Now the following substitutions may be made:

sla=s/a, =8, xla=x,Ja,=X, ala=L,

(25)
E/a =, r/a = R, pz/a =R2, p;/a = R3,
dan-($))_ _(k+ 1)’Mo (D2a-1(S) _

(i) = -5 20p (ot ) =129 26)

(fn,le,fu,fol;fzzyfas,fas, fsa, fsx; fzs, f.ls, fu,fss, fss)

=(F,, Fy, Fa, Fa; Fas, Fyy, Faa, F, Fes; Fas, Fis, Fus, Fs, Fss)/a,

(lev fzz» f.%z, fsz;fla,f:u, f«, fw fM;fl(n f.u;, fd(s, f56y f(»e)

27

=(F13, Fu, Fu2, Foy; Fra, Fay, Fu, Fa, Fei; Frs, Fre, Fas, Fse, sta)/ah
h.j = (85,‘531/(‘) +(655541L/C), (l,] = l, 2, 3, e ,6)

(%(1 —cos2y), % [1 - cos 2(y - B)l,% sin 27,% sin2(y — 8), 0, 0) =[Cy, Cy, Cs, Cor Cs, Col,

where §; is the Kronecker delta. Moreover, F;(X, S) (i,j = 1,2,3, .. .,6) which are not defined in
eqn (27) are to be zero. By these substitutions, eqns (16) to (19) are changed into

+

% f ¢§(§);(is % 2[ f F,(X, S),(S)dS

+h,.,.f ®,(S)In |X—S|ds]= C,(X|<1,i=1,2,3,....6) (28)

where the Cauchy principal value is taken for the first integral.

By observing the behavior of modified Bessel function of the second kind for small argument,
the functions F;(X, S) are proved to be bounded in the closed interval — 1 = X, § < 1 and thus the
six equations in eqn (28) are a system of singular integral equations with Cauchy type kernels.

By the same substitution, the conditions of single-valuedness of deflection and rotations due to
the dislocation arrays on L and L, i.e. eqn (8) and its equivalents, are transformed into

[ ous1as=0.=1.23.8 [ 15045) +cousids =0.[ (5048 +e/Lrbus)as
=0. (29

These are the additional conditions which fix the unknown functions ®,(S)(j = 1,2, 3, ... ,6). Thus
the problem is reduced to the solution of the set of singular integral eqns (28) under the additional
conditions (29), which has already been discussed by Erdogan(8].

Following his technique, we assume the unknown dislocation densities in the form
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®;(S) = i;o 4, T.(S)V(1-5), (j=1,23,....6) (30)

where a;, are unknown constants and T,(S) are Chebyshev polynomials of the first kind.
Substituting the above into eqn (29) and integrating, we have

Ajo = O(j =1,2,3,4),a;,+2cas, =0, a,+ 2(C/L)aso =0. 3y
Substituting eqn (30) into eqn (28) and considering the orthogonality relations of Chebyshev

polynomials[9] and eqn (31), we finally get the following set of linear equations for the unknown
constants

6 o
3> [8:0n + dignlbin =GBy (i=1,2,....6;k=1,2,..... ) (32)
j=ln=1
where
by = ay — (5 +L6~)[—-—l—a~ (1=81)- @ ] 33)
in — QGjn Sj 6 2(" — l)C (G-2)(n--1) in 2(" + I)C G=2)(n+1) |»
and
1
diikn = Cijkn — (63,' + L541)[Ciu+2)k(n--|)_ Cig+2kn+1) m (34)
The coefficients ¢ are given by
_2 _enl [ _T(S)
twn =2 [ Uetxva-x0 | [ S Fx sy as]ax, 39)

where U,(X) are Chebyshev polynomials of the second kind. The integrals in eqn (35) are of
Gauss-Chebyshev type and may easily be evaluated by employing proper quadrature
formulas[10].

5. BEHAVIOR OF STRESS RESULTANTS NEAR CRACK TIPS

We will proceed to the study of the asymptotic behavior of stress resultants in the vicinity of the
vertices of cracks.

It is evident that the set of functions fi(z), h.(z) and 4. (z, Z) in eqn (6) takes the leading role in
the singular character of the stress resultants near the crack L, while in the neighborhood of
Lif.(z)), h.(z,) and ¢.(z,, Z,) make an important contribution. Consequently, by the same
procedure as that in the case of a single crack in an infinite plate{6], we can easily obtain the
asymptotic behavior of stress resultants near the crack tips. Especially the moment intensity factor
of opening mode k..., of sliding mode k.., and the shearing force intensity factor k., at the ends
A(z =a) and B(z = —a) of the crack L are given by

kni(A) _ S ety (kmdA)Y _ = .
(5520) = Mov@ 3 1771 (20)) = Muvi@) 5 (21" bus
= (36)
k" A M° +1 n+l
(k EB;)__- —T\/(a)z(‘;_l)"zl(tl) bSn.
The corresponding quantities at the ends A,(z, = a,) and B,(z, = — a,) of the crack L, can be

obtained by the above expressions in which A, B, g, b,,, bs, and bs,, arereplaced by A,, B, a;, bz,
bs. and be. respectively.

6. NUMERICAL RESULTS
Following the aforementioned analysis, some numerical calculations are performed for two
fundamental cases of crack geometry, i.e.
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(a) a pair of equal colinear cracks,
(b) two equal parallel cracks without stagger.

6.1 The case of a pair of colinear cracks
In this particular case, we have a =0 in egn (9). Provided 8 = 7 in the same equation, from
eqns (23), (24) and (25) we get
RzzR_X_LS,RzzR_14X“S,X1=X3:0. (37)

Hence in eqn (27) we have

C.= Co=5(1-c0s 2y), Co= Ca= g 5in 2y, Co= C, =0, (38)

For the elements of the coefficient matrix [dii.] in eqn (34) we obtain

diakn = diokn = drsen = dosgn = drokn = darin = dszin = dapn = 0. (39)
Moreover the following elements are originally zero

diskn = disin = drain = ook = driin = dazin = dsikn = dezin = 0. (40)

Therefore the system of linear eqns (32) are divided into two parts as

S S (838 + dia) B = 8 (i = 1.2k =1,2..... ) @1
j-tn-1
z 2 (5.','51“- +diikn)Bin =6ul(bs +64), (i=3,4,5,6;k=1,2,.) (42)
=3 n=1
where
1 . . .
B, = bi,./i(l ~c0s2y),(j=1,2), Bi, = b;, %sm 2y,(j =3,4,5,6). (43)

In this case the moment- and shearing-force-intensity factors in eqn (36) are rewritten as

() = s Movi@-cos o (B (B} = $ (o 1pop,

(ki) =3 Mavi@rsinzy (). (F) = 3 s, “
(ki) =3¢ v@snn (£2).(£) - -5 & e

The equivalents for the ends A, and B, of the crack L, are given by the above equation in which A,
B, a, B,., B;, and Bs, are changed into A,, By, a,, B2, B., and B,, respectively. It is evident that
in this crack geometry the effect of the load direction y on the intensity factors is separated from
other factors such as configuration parameters a/r, €/a, a,/a and reduced Poisson’s ratio «. If the
plain bending takes place along the crack line, i.e. ¥ =0, we have k,,, = k... = k. =0 and there
exists no singularity. If the constant bending moment M, is transmitted in the direction
perpendicular to the crack line (y = 7/2), we get k.., = k. =0.
If, further, two cracks are equal in length, i.e. @ = a,, we obtain

B\, =B,, Bi.= Ban, Bs. = B, 45)

and the set of linear equations for these unknown coefficients is simplified as
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2 (8in + dy1in + d12in) B = 81,

n=1

™M

[(skn + d33kn + d34kn )B‘Jn + (d35ku + d36kn )BSn] = Blk, (k = l, 2, . .) (46)

n=1

2_] {(dssin + dsain) Ban + (Bin + dssin + dsein)Bsa1=0.

In order to study the effect of the neighboring cracks, some numerical works are carried out for
the present case. Once the geometrical parameters €/a, a/r and Poisson’s ratio v are specified, the
set of linear eqns (46) is solved by an approximate method in which only the first N equations
containing only the first N unknowns are taken. The computation reveals that the value of N
needed to achieve a particular level of accuracy is strongly dependent on €/a and this dependence
is quite similar as that in the case of a/r —»«[6]. An example is shown in Table 1, which gives the
values of F,. against N for three values of ¢/a, a/r and v being 0-475 and 0 respectively.

Table 1. Effect of N on moment intensity factor F,4 (v = 0,a/r = 0:475)

¥

€/a

1.0

C.3

3.2

20
Lo

60

1.36€7
1.3667

1.187L
1.1875
1.1876

1.2099
1.2108
1.2111

Figures 3 and 4 show the numerical results of F, and F, against a/r for various values of ¢/a and
v. In these figures, the mark on the line of a/r = 0-5 means the reduced value of corresponding
intensity factor ratios for a single crack of length 44 in an unbounded plate of thickness h [6]. The
values of F, and F, are plotted versus €/a in Fig. 5. Since the shearing force intensity factor ratio F;
remains in the range of comparatively small values, the variation of F; due to a/r and €/a is not
shown here for brevity.

Inspection of these figures will reveal the following facts:

(a) With the approach of two cracks, the moment intensity factor ratios F, and F; at the inside
tip A increase markedly.

(b) When a/r is not so large, F; . decreases monotonically with the decrease of €/a, while in the
case of a/r = 0-475 F, . attains its maximum at a certain value of €/a. It may be understood that the
effect of the adjacent crack on the moment intensity factor &, at the inner crack tip is much larger
when the thickness ratio e/a becomes comparatively small.

Y
Faa

——— Fae
gl 2 f—— +———
w :
2 |
N
S o p———F
@ €/0 - 1.0
L
o 0.8

06—

0.4

0.2 :
0 0.1

05
0 04
a/r

Fig.4. Moment intensity factor ratio F, vs crack
lengthratioa/r.

03

asr

Fig.3. Moment intensity factor ratio F, vs crack
lengthratioa/r.
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T T
L a/r = 0.475 — |

IAF‘/TX v e

Fie = //,
ST el
08 V/
7
Fas 0475
06

//é a/r No4
04 Z

0 0.2 04 0.6 0.8 1.0

Fig. 5. Moment intensity factor ratios F, and F, vs plate thickness ratio €/a.

6.2. The case of two parallel cracks without stagger

In this case we have @ = 7/2 and it is convenient to put 8 = 7. As expected by the symmetry of
the problem, it is easily proved that some of the elements of coefficient matrix [di.. ] vanish and by
putting

1
[bian-1), biom] = ) (1=cos 2y) [Bian-1, Biem)s

1=1,2,5,6
(;'=34 ) “n

1.
[b:2nys bien-n] = 3 8in 2y[Bigny Bian-vl,

the set of linear equations can be divided into two groups. Further, the intensity factors at the crack
tips A and B can be expressed as

(:ﬁ;) 3 Mov(@) [ (1 - c0s 29)F%, +sin 2yF %), “

(I;:Eg;) 320 V(@) (1 - cos 29)F3, £sin 29F %),

where

o o o
Tl = E 12n—1)s FTZ: 2 Bl(zn)s F>§1 = 2‘ B3(2n)y F?2= 21 B3(2n#1)9
n=1 n= n=
49)

o

+1 « +1
F>§1= 2(‘;_1)235(2'. 1) Fsz (K_l)zBs(zn)

The corresponding quantities for the ends A, and B, of the other crack L, are given by the same
replacement as before. Thus the influence of the loading direction y on the intensity factors is
separated from other factors, so that if y = 7/2, km1(A), kn2(A) and k.(A) are controlled only by
F*%, F%, and F%, respectively.
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In the more particular case of equal crack length, there also exist the relations in eqn (45) and the
sets of linear equations are simplified considerably. The first set which determines B,.-1), Bian)
and Bsa,-,) can be written as

Z [{8kn+ dll(2k—|)(2n—l)+ dlﬂZk—l)(Zn—l)}BI(Zn—l)
n=1

+ dld(Zk—l)(2n)B3(2n) + dl6(2k—l)(2n—l)BS(2n—l)] = 61ka

2 [d32(2k)(2n—l)Bl(2n—l) + {akn + d33(2k)(2n) + d}«u)(Zn)}BJ(Zn) (k = 1 2 )

n=1

(50)
+ {d35(2k Y2n—-1) + d36(2k Y2n— |)}B5(2n -41)] = 01

2 [d52(2k—1)(2n—l)Bl(2u—l) + {d53(2k—|)(2n) + d54(2k—l)(2n)}BS(2n)

+ {Bkn + d55(2k—l)(2n-l) + d56(2k—l)(2n—l)}B5(2n—-l)] = 0

The remaining set of linear equations for B ), B3@n-1)and Bsg,, is given by the above equations in
which 2k — 1), 2n — 1), 2k and 2n are replaced by 2k, 2n, (2k — 1) and (2n — 1) respectively and the
constant terms on the right hand side (3,4, 0, 0) are changed into (0, 8, 0). These systems of linear
equations may be solved by the approximate method mentioned previously.

Numerical results of F*,, F, and F%, are shown versus the crack length-space ratio a/r for
various values of €/a and v in Figs. 6 and 7, while they are plotted against the plate thickness ratio
€/a in Fig, 8. The values of F%, F%, and F%, remain so small that the graphs for them are not shown
here.
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Fig.6. Moment intensity factor ratio F¥, vs crack length-space  Fig. 7. Moment intensity factor ratios F%,and F$%, vs crack
ratioa/r. length-space ratio a/r.

Fig. 8. Moment intensity factor ratios F¥,, F},and F%, vs plate thickness ratio €/a.
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Examination of these figures will show the following:

(a) The stress relieving effect of the neighboring parallel crack is recognized in the variation of
F%, and F%,, and this effect for F*, is remarkable in the range a/r <1.

(b) The values of F%, and F%, decrease monotonically with the decrease of €/a.

7. UNIFORM TWISTING PROBLEM

As to the case where the constant twisting moment H, is transmitted through an unbounded
plate, weakened by two arbitrarily situated cracks L and L, in the direction forming an angle vy
with the crack L, the analysis can be performed quite parallel with the previous case. Instead of the
set of three functions in eqn (13), we shall start with the following functions

fi2)=0, hyz)=i(k +1)Hoe >[4, (z,2)=0. (51)

In order to satisfy the traction free conditions on the crack rims in eqns (11) and (12), we may as well
superimpose the continuous arrays of dislocations on two crack lines. Rewriting the unknown
dislocation density as

$an-1(5)\ _ _ (k + 1Hy (@201(S)
(o) =520 (

bn(s)/) 2k =D \ ®2a(S) ) (n=12,3) (52)

and assuming the expansion in eqn (30), we arrive at the set of linear eqns (32) for the unknown
coefficients b;,, in which constant terms in the right hand side are replaced by

[Cy, Ca, C3, Cy, Cs, Cg] = [sin 2+, sin 2(y — B), cos 2, cos 2(y — B), 0, 0] (53)

By the use of coefficients b;,, thus determined, the intensity factors at the crack tips can be
obtained by eqn (36) and their equivalents, in which M, is replaced by H,. Consequently in the
particular cases of crack geometry, considered before, the intensity factors are given by eqns (44)
and (48) respectively in which [3M(1 — cos 2v),3M, sin 2] are replaced by [H, sin 2y, H, cos 2y].
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